I. INTRODUCTION
The laminar-turbulent transition in a tube with rigid walls has been extensively studied since the pioneering experiments of Reynolds, 1 and it is well-known that the transition happens in a rigid tube at a Reynolds number, Re ∼ 2000. This transition has since attracted enormous attention both from the theoretical (hydrodynamic stability) and experimental standpoints. [2] [3] [4] While classical temporal stability analysis 5, 6 shows that the fully developed flow in a rigid tube is 7 stable to infinitesimal perturbations at any Reynolds number, experiments always show a robust transition at Re ∼ 2000. It is now believed that the observed transition is due to finite-amplitude disturbances, which could be triggered by linear transient (algebraic) growth of perturbations. 8, 9 Theoretical studies based on the (linear) non-modal stability analyses do exhibit transient growth of perturbations, but it still remains an unresolved puzzle as to how nonlinearities make the transition happen at Re ∼ 2000. While most traditional engineering applications involve rigid tubes and channels for fluid transportation, there are many instances where the walls of the fluid-conveying vessel are soft and deformable. For example, most fluid-conveying vessels in biological systems 10, 11 are made of a) Electronic mail: vshankar@iitk.ac.in tissues which are softer, with shear modulus in the range of 1 MPa, in contrast to materials like steel with shear modulus in the range of 10 GPa. Similarly, microfluidic devices 12, 13 are fabricated using soft elastomers such as polydimethylsiloxane (PDMS), and in such applications, the flow behaviour could be different from that in rigid tubes or channels. In particular, the laminar-turbulent transition in a tube with deformable walls could be affected by wall elasticity, 14, 15 and if so, this could be potentially of importance in both biological systems as well as microfluidic applications. While the transition in a rigid tube has been well-studied in the literature, the laminar-turbulent transition in a tube with deformable walls is gaining attention only recently. In this study, we carry out experiments to characterize the instability of laminar flow in a tube with deformable walls. In the remainder of the Introduction, we briefly review relevant literature and place the present study in perspective.
To the best of our knowledge, the earliest experimental report of the effect of wall elasticity on the transition in a tube is by Krindel and Silberberg, 14 who coated the inner surface of a glass tube with polyacrylamide gel and found that the transition Reynolds number for this system could be much lower than 2000, the value for transition in a rigid tube. Hansen and Hunston 16 carried out experiments in flow over a rotating disc coated with a compliant material, and they observed an instability above a critical velocity. However, there have not been many experimental studies that have followed-up to reproduce and corroborate these observations. Nonetheless, this observation that wall elasticity could advance the transition in a deformable tube had spawned a large number of theoretical studies, [17] [18] [19] [20] [21] [22] which we summarize below. In the interests of brevity, we restrict our discussion here only to flow in tubes, although there have been many studies [23] [24] [25] that study other geometries such as boundary layer flows and flow in rectangular channels. Kumaran 17 first showed using linear stability analysis that the flow in a deformable tube modelled as a linear elastic solid could become unstable even in the limit of zero inertia in the fluid and solid, and this instability is referred to as the "viscous mode," and the mechanism of destabilization is the shear work done by the fluid at the fluid-solid interface. This instability in the limit of Re ≪ 1 has been numerically continued to intermediate and high Re by Kumaran, 18, 26 who found that the critical Reynolds number (Re = ρU avg D avg /η) for instability is related to the nondimensional wall elasticity Σ = ρG ′ D 2 avg /4η 2 as Re ∝ Σ 3/4 for Re ≫ 1. Here, G ′ is the shear modulus of the wall material, D avg is the average diameter of the deformable tube, ρ is the density of the fluid or solid, η is the viscosity of the fluid, and U avg is the average velocity in the tube. Later, asymptotic analysis carried out by Kumaran 27 and Shankar and Kumaran 21 showed that this instability is the equivalent of "wall mode" instability in a deformable tube. Qualitatively, however, the physical mechanism of destabilization remains the shear work done by the fluid at the wall, with the exception that the viscous effects are now confined to a thin "wall layer" of thickness Re −1/3 (D/2). In addition to the viscous mode at low Re, and the wall mode at high Re, there is another mode of instability called the "inviscid mode," 19, 20, 28 for which the critical Re ∝ Σ 1/2 at Re ≫ 1. This inviscid mode of instability was shown 19 to be relevant to flow in the developing region or flow in a converging tube subjected to axisymmetric disturbances. For fully developed flow, it was shown 20 that nonaxisymmetric disturbances would lead to an inviscid instability. For Re ≫ 1, even at the scaling level, the critical Re for inviscid modes grows more slowly with Σ compared to the wall modes. Detailed numerical calculations 20 have further shown that for fully developed flow in a deformable tube at higher Re, the nonaxisymmetric disturbances are the most dangerous.
After the early experiments of Krindel and Silberberg, recently Verma and Kumaran 15, 29 carried out experimental studies in order to characterize the instability of fluid flow in deformable tubes and channels. 30 To this end, they used an elastomer (PDMS) to fabricate the tube and used water as the working liquid. They found by plotting the friction factor vs Re curves that the flow in a deformable tube becomes unstable at much lower Re than the rigid tube value of 2000. This transition Re was further shown to reduce with decrease in the shear modulus of the gel, thereby clearly demonstrating that the flow in a deformable tube could become unstable at Re much less than 2000. The scaling of the critical Re with Σ revealed that Re ∝ Σ 5/8 , and this scaling is in between the scaling of inviscid modes (Re ∝ Σ 1/2 ) and wall modes (Re ∝ Σ 3/4 ). However, they argued that the observed instability is a type of wall mode that is modified by the slow deformation of the tube wall, and by considering the converging cross-section of the tube, they showed that the scaling Re ∝ Σ 31 showed that mass transfer is enhanced (up to 25%) in the case of flow through a channel, with one wall made of PDMS elastomer. This increase in mass transfer rates is attributed to a flow-induced instability on the surface of the elastomer.
However, there has been no evidence of the inviscid mode 20 in the experimental observations of Ref. 15 . The theoretical predictions show that the inviscid mode is more powerful than the wall mode, and hence ought to be observed first in the experiments. This discord between the theoretical predictions and observations motivates the present set of experiments, wherein we probe the flow of water in a deformable tube. In addition, we are not aware of experimental studies, other than that of Krindel and Silberberg, 14 and Verma and Kumaran, 15 that probe the transition in a deformable tube. Thus, the motivation for the present set of experiments is to explore the possibility of an inviscid unstable mode in the flow through deformable tubes and to investigate if observations other than what was reported in Verma and Kumaran 15 are possible in a deformable tube. The rest of the paper is organized as follows: Sec. II explains the fabrication of the experimental flow setup and the rheological characterization of the gel. Section III A discusses the results obtained for diameter variation with Re and axial position, while Sec. III B discusses the friction factor vs Re data for flow in a deformable tube. Section III C discusses the results obtained from visualization of a dye-stream injected in the flow to characterize the transition. The salient conclusions of this study are summarized in Sec. IV.
II. EXPERIMENTAL METHODS AND PROCEDURE
In our experiments to study the onset of transition, we aim to achieve low turbulence levels at the tube inlet and also aim to make accurate measurements of the tube diameter change at different flow rates. To achieve the low turbulence level at the tube inlet, a cuboid (rectangular) channel is fabricated (section (b) of Figure 1 ). We note that in the earlier study of Ref. channel was not included, and no special efforts were made to reduce the turbulence level at the tube inlet. The channel is 14.7 cm high, 14.7 cm wide, and 32.5 cm long. 32 The channel is fabricated using 1.5 cm thick Plexiglas sheet. The corners of the channel are joined by remolding the Plexiglas by adding chloroform, and Araldite C epoxy adhesive is applied on the corners to avoid water leakage. The back side of the channel made of (14.7 cm × 14.7 cm) Plexiglas is fixed permanently by adding chloroform. The front side of channel contains the tube fabricated in PDMS gel perpendicular to the Plexiglas sheet (shown in Figure 2 (c)) and this is fixed on the channel wall using 2.5 cm length screws. A 3 mm thick neoprene seal is placed between the channel wall and front side Plexiglas sheet to avoid water leakage. At the top side of the channel (section (b) of Figure 1 ), two small holes are provided for dye inlet and air purge. A sponge material (11.7 cm × 11.7 cm) of 1.3 cm thickness is fixed inside the channel at the back end, where fluid enters from the supply tank. The purpose of the sponge is to damp out fluctuations at the inlet of the tube. The inlet of the channel is connected to the supply tank using flexible PVC (polyvinyl chloride) hose (reinforced with high tenacity nylon yarn) through a flow sensor (FLR 1000, Omega, U.S.A) and a needle value. The supply tank (section (a) of Figure 1 ) is of 46 cm diameter and 70 cm high, and is made of 312 grade stainless steel, and is connected to the nitrogen cylinder through a pressure regulator.
The flow rate in the deformable tube is measured by using the following procedure. Water is pumped from the collecting tank to the supply tank and the latter is filled till three-fourths of its capacity. A constant pressure of 2 kg/cm 2 is applied in the supply tank using the nitrogen cylinder and a pressure regulator. The needle value connected to the supply tank outlet is used for controlling the water flow rate. The flow sensor (FLR 1000, Omega, U.S.A.) placed between the channel and the needle value is connected to a computer. From the measured flow rate, the position of the needle valve is accordingly varied to maintain a constant flow rate. The flow rate is also measured by collecting (for 30 s) and weighing the water at outlet of the soft tube. In order to measure the pressure drop between the ends of a test section, a pressure transducer (PCB Piezotronics, Depew, NY) is fixed in the development section very close to the test section. The pressure transducer is connected to a computer through NI (USB-6009, National Instruments) card. The sample rate for the NI card is 1 kHz. The data (in volts) are averaged over time, and this average voltage is correlated with pressure using the calibration chart. The pressure transducer measures absolute pressure, and from this pressure drop, the friction factor is determined. The ambient temperature of the fluid and solid is maintained (at 25
• C) to investigate the instability characteristics. The water bath (HAAKE K10) is connected in the annulus of supply tank which maintains the temperature at 25
• C. The room temperature was also maintained at nearly 25
• C using air conditioners, and changes in the shear moduli of the solid and the fluid viscosity (with temperature) are, therefore, negligible.
The deformable tube (section c of Figure 2 ) fabricated using the PDMS elastomer (as described below) is connected to the channel. A tapering micro-tip arrangement is present in the soft tube inlet which helps in maintaining the smooth flow (from the channel to the tube) and to avoid entry effects (as reported in Refs. 1 and 33). The water from the deformable tube is collected in a collecting tank. For accurate measurement of the tube diameter, an inverted microscope is used. The microscope (CKX41, Olympus, Japan) with the light source (high-intensity halogen bulb) is placed in the illuminating column. The 4X objective (PlanCN 4X) is used for bright-field observation and measurement of the tube diameter. The TV adapter (U-TV1X-2) and TV camera mount adapter (U-CMAD3) are attached to the microscope using a triangular tube. The CCD camera (LU165C, Lumenra) is fixed on the camera mount adopter and connected to the personal computer to visualize and capture the images. The light intensity is kept constant for all the experiments.
The measurements of the tube diameter variation at various downstream locations are carried out using the following procedure. The arrangement that contains the PDMS gel (with the tubular bore) and the pressure transducer fixed in the development section is placed on the microscope stage. The markings along the downstream direction were made at every 3 cm distance in the test section beginning from the end of the development section. A constant flow rate is maintained in the tube. The objective lens in the microscope is adjusted to observe the diameter variation through a CCD camera, which is connected to a computer. The snapshots at different downstream locations were taken by moving the PDMS gel block horizontally. This process is repeated for all the flow rates studied. The snapshots of the galvanized iron (GI) capillary tube (template) were also taken, and from this known diameter, the actual tubular bore diameter is determined for all the downstream locations at different flow rates.
Dye-stream experiments are carried out to visualize the flow patterns that ensue during the transition from laminar to turbulent flow inside the soft tubes. Because the PDMS block (in which the tubular bore is present) is transparent, it is possible to visualize the flow events inside the soft tube by monitoring the motion of a dye-stream. A smooth GI capillary tube of 1 mm diameter (bent in the form of "L-shape") is used to deliver the dye at the soft tube inlet as follows (Figure 1 ). One end of this GI tube is fixed at the top part of the channel (as shown in Figure 1 , section (b)) and is connected with a syringe pump (PHD 2000, Harvard Apparatus, MA) using a silicone tubing. A 100 µm size syringe needle is attached with the other end of the GI tube using Araldite C adhesive. This syringe needle delivers the dye-stream of diameter approximately 100 µm, and this has been placed at the center of the tapering micro-tip arrangement for entry of dye into the soft tube. A blue-coloured water-soluble dye is filled in the syringe, which is placed in the syringe pump. The dye flow rate is programmed to be maintained in the range from 50 to 250 µl/min, and the specific value depends on the Reynolds number of the flow in soft tube. Care was taken to ensure that the dye-stream is injected at the center of the tapering micro-tip. A high-intensity halogen bulb present in the microscope is used as a light source for illuminating the dye-stream inside the soft tube. A high speed camera (Integrated Design tools, SN:13-0907-0353) is fixed on the camera mount adapter in the place of CCD camera. Using the Red-Lake Motion Pro software, 50-1000 images are acquired in the 1 kHz sample (images) rate. The images were acquired at 1.5 cm distance from the beginning of the test section. The contrast and brightness of the images are adjusted, and based on the image sequence, a movie is constructed using the software TMPGEnc (version: 2.525.64.184).
A. Fabrication of the deformable tube and the PDMS gel characterization
Deformable tubes of varying shear moduli are fabricated using a template in the PDMS gel mixture in this work, but the tube could also prepared in a polyacrylamide gel. 14 The tube comprises of two sections: the first is the relatively rigid flow development section, and the second is the more softer test section where transition is to be studied. The length of the development section is chosen to be 15 cm, and this ensures that the flow that enters the (softer) test section is always fully developed even at the largest Reynolds numbers studied in our experiments. The test section is fabricated with different percentages of cross-linker in order to obtain tubes of varying deformability, which will aid in understanding the dynamic coupling between the fluid and the gel, and its role in the flow instability. The PDMS gel is prepared by mixing the elastomer base (Sylgard 184 elastomer, Dow Corning C ) and cross-linker (curing agent) in required amounts to get the specific shear modulus. The tube is fabricated as per the following procedure. The initial flow development section is fabricated by pasting double sided tapes (2.25 cm width) on the top of a glass plate that has dimensions 6.5 cm × 30 cm width and length, respectively (Figure 2 ), and after leaving 2 cm wide gap, another set of double sided tapes is pasted on the glass plate. The height of both the double-sided tapes is 1 cm. The tube template, a galvanised iron capillary tube with 1.65 mm outer diameter and 35 cm length, is used to make tubular bore in the gel. One end of the template (i.e., the GI capillary tube) is fixed using small strips (of height 0.5 cm) of double sided tape in the gap, and the template is held similarly at a distance of 15 cm from the starting point. This arrangement forms a rectangular well with 15 cm × 2 cm × 1 cm length, width, and height, respectively. The PDMS mixture consists of Sylgard 184 base and cross-linker in 10% concentration. The PDMS mixture is dispensed in the rectangular well without any air entrapment and cured at 70
• C at 12 h. Adjacent to this harder PDMS gel, another rectangular well is prepared with the above-mentioned dimensions by pasting small strips of double sided tape. The PDMS mixture consisting 1.9 % cross-linker and Sylgard base is dispensed in the well, and is cured to prepare the softer, test section. The first (15 cm length) section is the development section for the fluid flow, and the adjacent deformable section (of length 15 cm) is the test section to study the transition. The PDMS gel containing the capillary tube is placed in toluene for few (3 to 4) h to allow for swelling of the gel. The capillary tube was gently removed from the gel, and the gel was allowed to deswell at low temperature (by placing in a refrigerator, in order to reduce solvent evaporation rate). The development section (beginning of section (c) in Figure 1 ) is carefully attached to the channel (end of section (b) in Figure 1) , with the help of a conical microtip which was already embedded with the Plexiglass sheet. The conical microtip ensures smooth entry of the fluid, similar to the "bell-mouth" entry. 32 The PDMS gel mixture containing 10% cross-linker is added to the tiny gaps (if present) and cured to avoid leakage of fluid. The Plexiglas sheet (that forms the front end of the section (b) of Figure 1 ) is attached to the low-turbulence channel. Using a surgical needle, a hole is made for connecting the pressure transducer in the tube (Figure 2 ). The hole is made in the development section very near to the test section to avoid leakages. The same procedure is followed to fabricate the soft tube (test section) in PDMS gel with cross-linker concentrations 2 %, 2.1 %, and 2.25 %.
The PDMS gels were cast in the shape of rectangular slabs (4 mm thickness) in order to measure their linear viscoelastic properties using the parallel plate geometry (40 mm diameter) of the rheometer (Discovery HR-3, T.A instruments, U.S.A). The gel slab is placed on the bottom plate of the rheometer, and the top plate is brought in contact with the gel surface till the normal force is measured 0.2 N. The top plate position is taken as an indicator of zero gap between the plate and the gel surface. The rheometer is operated in the oscillatory mode at an amplitude of 50 Pa. The frequency spectrum of the shear modulus is shown in the Figure 3 in the range of 0.1-100 Hz. The shear and loss moduli increase with frequency. In order to relate the transition Reynolds number (Re = ρU avg D avg /η) for instability with the nondimensional wall elasticity Σ = ρG ′ D 2 avg /4η 2 , we average the shear and loss moduli in two different frequency ranges. Here, G ′ is the shear modulus of the wall material, D avg is the average diameter of the deformable tube, ρ is the density of the fluid or solid, η is the viscosity of the fluid, and U avg is the average velocity in the tube. First, we have averaged the shear and loss moduli over the frequency range from 0.1 to 10 Hz, and the results are summarized in Table I . Second, we averaged the shear and loss moduli over the frequency range of 10 to 100 Hz, and the results are summarized in Table II 
B. Characterization of varying diameter in the deformable tube
In order to observe the critical Re, the flow transition, from laminar flow to turbulence, we constructed the friction factor versus Re chart. The friction factor follows the relation f = 64/Re when the flow is laminar. For flow in the deformable tube, the point at which there is a departure of friction factor from its laminar value is considered as the transition Re. The expression for the (Darcy) friction factor for flow through a rigid tube is written as
The wall shear stress is given by τ w = 0.25D(∆P/L) and the average velocity of flow U avg = (Q/A), where D is the diameter of the deformable tube at the down stream location, (∆P/L) is the pressure drop across length of the soft tube, Q is the flow rate, ρ is the density of the fluid, and A is the cross sectional area of the tube. Simplifying the above equation results in following equation:
When fluid flows through the soft tube at high flow rates, the soft tube diameter varies along the flow direction, and this variation depends on the flow rate. Due to this reason, the friction factor 
The friction factor is determined from the measured pressure drop and is plotted as a function of Re. The Re at which there is a departure of f from its laminar value of 64/Re is considered as the transition Reynolds number. The Reynolds number for flow through a rigid tube is defined as Re = ρD avg U avg /η, where D avg is average diameter of the tube, U avg is the average velocity of the flow, and η is viscosity of the fluid. The average Reynolds number for flow through the soft tube is calculated 14 as
III. RESULTS
In this section, we first discuss results for the variation of diameter of the deformable tube with downstream location as well as with Reynolds number and then proceed to discuss the friction factor vs Reynolds number results and dye-stream visualization results for flow in a deformable tube. Figure 4 shows the soft tube diameter in test section as function of distance from the beginning of the test section. The change in the tube diameter is observed at Re = 500 for the PDMS gel fabricated with cross-linker concentration 1.9%. When there is no flow, the tube diameter (unexpanded shape) is nearly 1.58 mm and is nearly 1.63 mm at Re = 500 at the downstream location 3 cm away from the beginning of the test section. The cross-section of the test section diverges initially and then exhibits a converging behavior, as also observed in Ref. 15 . The maximum change of the tube diameter is nearly 3% in the test section, and the change in diameter is considerably small compared to the original diameter. The change in tube diameter is more in the beginning of the test section, because the pressure is more upstream, and the diameter change becomes small in the downstream direction. The lowest possible shear modulus of PDMS tube fabricated is the one with 1.9% cross-linker concentration, and with increase in percentage of cross-linker, there is a decrease of change in tube diameter. A similar behavior is observed for soft tubes fabricated with cross-linker concentrations 2%, 2.1%, and 2.25%. When we prepared the PDMS gel with 10% cross-linker (shear modulus 608 kPa), we observe negligible changes in tube diameter. Due to the above reason, the development section is prepared with PDMS gel that has shear modulus 608 kPa, and this can be considered to be nearly rigid. We also demonstrate below (Figure 6 ) that the transition of laminar flow in a tube fabricated with this (relatively harder) gel is very similar to the rigid tube transition. It must also be noted here that the variation of tube diameter with downstream distance observed in this study is somewhat different from that reported in Ref. 15 : the slope of diameter variation (in both converging and diverging parts) is gentler in the current work. This could presumably be attributed to the following differences in the PDMS gel block in which the tubular bore was fabricated. The current study uses a block with width 2 cm and height 1 cm, but this information is not available from the experiments of Ref. 15 . Further, the length of the test section used in the current experiments is 15 cm, while that used in Ref. 15 is 10 cm. These differences could have lead to the differences in the variation of diameter with downstream distance between the present work and Ref. 15 . In addition to the above observations of the tube diameter change for different downstream locations in test section and for different Re (at 3 cm from the end of development section), the average diameter (averaged over the downstream length) was also determined for the test section at various flow rates. Figure 5 shear moduli 21, 24, 28, and 32 kPa. The average diameter increases with increase in Re, however the variation is large in the high Re regime. The average diameter (as function of Re) is slightly higher for PDMS gels fabricated in cross-linker concentrations 1.9%, and 2%.
A. Soft tube diameter change at downstream locations and for the different Reynolds numbers

B. Friction factor vs. Re
In order to determine the transition of flow through the soft tube, the friction factor ( f ) versus Re chart is constructed for different PDMS gel systems. The soft tubes are prepared in the PDMS gel with shear moduli of 21, 24, 28, and 32 kPa for 1.9%, 2%, 2.1%, and 2.25% cross-linker, respectively. The departure f from the 64/Re line is considered to be the Reynolds number for transition in the deformable tube. Before determining flow transition in soft tube, the relatively harder PDMS gel (shear modulus 608 kPa) is prepared and experiments are carried out (results shown in Figure 6 ) to benchmark the experimental setup with the results from a truly rigid tube. At low Reynolds number, the observed friction factor follows the 64/Re line until Re ∼ 2000, when f departs from its laminar value. The observed results show that the transition is very similar to that in a rigid tube.
The deformable tubes prepared in the PDMS gel with lower shear moduli exhibit diverging and converging cross-sections under the applied pressure gradient. To understand the flow transition in the soft tube with fully developed flow entry in the test section, the development section is prepared with PDMS gel of shear modulus 608 kPa. The test section is prepared in PDMS gel with much lower shear modulus material 21 kPa. Figure 7(a) shows the friction factor as function of Reynolds number for flow of water in tube made of PDMS with shear modulus 21 kPa. The departure of the friction factor is observed at Re ∼ 500 and this is considered as the transition Re. The dashed line is theoretical friction factor f = 64/Re line and triangles are the explicit data transition in rigid tube. The diameter of the tubular bore is 1.65 mm before the experiment was started. The length of both the development and test sections is 15 cm. Since the tubes are relatively softer, the diameter of the soft tubular bore changes along the length. The earlier study of Verma and Kumaran 15 also reported that the diameter of the tube varies along the flow direction, and they further demonstrated that the transition is not due to the slow variation in the tube diameter. This was accomplished by fabricating a glass tube with the same cross-section as the deformable PDMS tube and by showing that the transition in that glass tube was similar to transition in a rigid tube. Thus, the deviation of the friction factor vs Re curve from its behavior in the laminar-regime can be attributed to the deformable nature of the wall. Figures 7(b), 7(c), and 7(d) show f as a function of Re for the soft tube test section prepared in PDMS gel with shear moduli 24, 28, and 32 kPa, respectively, and the observed transition Re is 700, 900, and 1260. Thus, as the shear modulus of the deformable tube increases, there is an increase in the transition Re.
C. Results from dye-stream visualization
The dye-stream patterns are shown in Figure 8 for flow through soft tubes fabricated in PDMS gels with shear moduli of 21, 24, and 32 kPa. The patterns were recorded for a wide range of Reynolds numbers from 300 to 3000, in steps of 20. Thus, we can only provide a range of Re (of width 20) in which the dye stream motion becomes irregular. However, here we present three salient images (for each PDMS gel) that demonstrate laminar flow, the point of transition, and the apparently turbulent state. As noted in Sec. III A, the images were acquired at 1.5 cm distance from the beginning of the test section. At this location, the soft tube diameter is diverging in the flow direction, and the diameter starts to decrease at around 3 cm from the beginning of the test section (see Figure 4) . At high Re, the mixing pattern of the dye-stream in the soft tubes is different (Figures 8(f) and 8(i) ). It appears that for the softest tube in which experiments were carried out, there is complete mixing at Re ∼ 662, while for harder tubes, the mixing of the dye-stream is incomplete. The transition Reynolds number as obtained from the dye-stream visualization is summarized in Table III for the soft tubes fabricated with different shear moduli. The increase in shear modulus of the tube results in increase in transition Reynolds number for flow instability. The transition Reynolds number observed from the friction factor data and the dye-stream experiments shows reasonably good agreement. The transition Reynolds number observed for flow through soft tubes is much lower compared to rigid tube transition Re ∼ 2100. Because the Re at which there is an onset of instability decreases with increase in the shear modulus, this strongly suggests that the flow transition that occurs in the soft tubes is due a dynamical instability of fluid-solid interface (absent in truly rigid tubes), and this brings down the transition Re substantially. The dye-stream experiments are also carried out in the (harder) development section before the beginning of the (softer) test section, where we observe that laminar flow persists until the Re is 2000. The wave properties of the dye-stream motion such as amplitude, frequency of oscillation, wavelength, and propagation velocity are determined using an image analysis of the snapshots, and the results obtained are shown in Figure 9 . The trajectory of the dye-stream is reconstructed by tracking the dye-stream locations in the image, and the same procedure is repeated for all the images. The wave amplitude is determined as the distance between wave crests and troughs, and the amplitude is normalized with the tube diameter. The normalized wave amplitude as a function of Reynolds number is shown in Figure 9 (a). Our results suggest that the variation of amplitude with Re is continuous at the point of transition, thus suggesting that the nature of the bifurcation is supercritical. This agrees qualitatively with the results of the weakly non-linear analysis of Ref. 34 . This is in stark contrast with results obtained for flow in rigid tubes, wherein the dye-stream breaks down rather abruptly at the point of transition. This trend of continuous increase in the dye-stream amplitude is observed for other soft tubes prepared with different shear moduli. The spread of the data points shown in Figure 9 (a) is the variation of amplitude (obtained from the images) with time and not the standard deviation over different experiments. The maximum wave amplitude observed is nearly 0.15 times the tube radius, and upon further increase in Re, the dye-stream eventually breaks down and mixes throughout the tube cross section.
The frequency of dye-stream oscillation as a function of non-dimensional elasticity Σ is shown in Figure 9 (b). The frequency is determined from the images acquired at the 1 ms interval. The time taken for the dye-stream oscillation (radial movement) was calculated at a fixed location in the images. The observed dominant frequencies of oscillations are 244 ± 29, 323 ± 09, 422 ± 41, and 94 Hz for tubes prepared using PDMS gels shear moduli 21, 24, 28, and 32 kPa, respectively. The observed frequency shows good agreement with the reported theoretical frequency value ranging from 100 to 500 Hz. 21 The frequencies were scaled with (G ′ /ρD 2 ) 1/2 , and the scaled frequency shows very little increase with Σ (Figure 9(b) ). The average value of the frequency was calculated from nearly 40 images, and the spread of the data about the average is shown in Figures 9(b) , 9(c), and 9(d).
The normalized wavelength (λ/D) of the dye-stream is shown as a function of Σ in Figure 9 (c). The dye-stream is reconstructed as a graph from all the images. The distance between crest to crest (or trough to trough) of the wave is determined and the result is divided by the diameter of the tube to obtain the normalized wavelength. The nondimensional wavelength is nearly 1, and wavelength is calculated as λ = 2π/k. This suggests that the most unstable mode is a finite wavelength 1/2 should be independent of Σ, as predicted by theory, 19, 21 and this is the case in the experiments as well. Previous theoretical studies show that at higher Re, the unstable modes in a tube will have wave speeds which are of the same order as the wave speed of shear waves (∼ (G ′ /ρ) 1/2 ) in an elastic solid. Thus, the dimensional wave speeds of dye-stream propagation obtained from the image processing are nondimensionalised by (G ′ /ρ) 1/2 ; the resulting quantity must be independent of the nondimensional wall elasticity Σ. Figure 9 (d) indeed shows that the nondimensional wave speed is approximately a constant and does not show any systematic variation with the nondimensional wall elasticity Σ.
D. Scaling of Re with non-dimensional elasticity Σ
As mentioned in the Introduction, previous theoretical studies have broadly identified three classes of instabilities in fluid flow through deformable tubes, which are distinguished by the manner in which the Reynolds number for transition scales with the non-dimensional elasticity
avg /4η 2 of the deformable wall. At higher Re (of relevance to this study), two types of modes were predicted, viz., the inviscid mode with Re ∝ Σ 1/2 and the wall mode with Re ∝ Σ 3/4 . It must be mentioned here that in the earlier theoretical studies, 21, 22 the fluid is assumed to be surrounded by an annular gel layer, while in our experiments and that of Ref. 15 , this symmetry is not present as the height and width of the gel block are different. This could have some effect on the comparisons between theory and experiments, since theory shows that the critical Reynolds number is indeed a function of the annular thickness. Another difference between theory and experiments is that in theoretical analyses, the solid has been assumed to be incompressible, while in reality, the gel is slightly compressible. The previous experimental study of Verma and Kumaran 15 found that Re ∝ Σ 5/8 , which is in between 1/2 and 3/4 (since 4/8 < 5/8 < 6/8). They argued that the observed scaling is consistent with the wall mode result of Re ∝ Σ 3/4 , if one accounts for the slow convergence of the tube, and the fact that the laminar velocity profile in the converging section is significantly different from the fully developed velocity profile when Re ≫ 1. This modifies the shear rate at the interface, and by accounting for this increased shear rate, they found that, at the scaling level, Re ∝ Σ 5/8 . However, in the experiments, instability was observed at a much lower Re (of about 1000) less than the theoretical prediction. Figure 10 shows data from our experiments for transition Re as function of the nondimensional wall elasticity Σ = ρG ′ D 2 avg /4η 2 for the soft tubes prepared in PDMS gels with shear moduli in the range of 21-32 kPa. The data for shear modulus of the gels (shown in Figure 3 (a)) used to indicate that the shear modulus increases with increase in frequency and does not show a well-defined plateau region. In this situation, it is not immediately obvious as to which value of shear modulus one must use in the calculation of the non-dimensional parameter Σ. Hence, we averaged the shear modulus in the range of 0.1-10 Hz, as well as in the range of 10 -100 Hz, and the Re vs Σ plots are shown for both these averages in Figure 10 . The theoretical predictions show that the frequency of oscillation of the wall mode instability 21 is in the range of 100 Hz. The frequency of oscillation of the dye stream (shown in Figure 9 (b)) inferred from our experiments is also in the same range. Hence, if the high-frequency average (in the range 10-100 Hz) is used, one obtains Figure 10(a) , while if the low-frequency (in the range of 0.1-10 Hz) average is used, then one obtains Figure 10(b) . Since the average shear modulus changes by a factor of 2 from the low-frequency range to the high-frequency range, the Re vs. Σ curve shifts horizontally, without any shift in the vertical direction. However, the slope of the Re-Σ curve (in log-log scale) is much higher in our data, viz., ≃ 3/2, in marked contrast to 5/8 seen in the earlier be as low as 500, which is much lower compared to the transition Re for a rigid tube (∼ 2000). Our results suggest that the transition Re scales with the non-dimensional wall elasticity parameter Σ as Re ∼ Σ 3/2 . This observed scaling is quite different from the results of Verma and Kumaran 15 which suggested the scaling Re ∼ Σ 5/8 . Thus, while the present study independently corroborates the general conclusion of Ref. 15 that fluid flow in a deformable tube could be destabilized by wall deformability, our study differs in the conclusions regarding details of the transition. In order to precisely isolate the mechanism of instability, more accurate experimental characterization of the instability (such as PIV (particle image velocimetry) measurements of flow velocities) is required, which is beyond the scope of the present study. This should form the basis for future studies in this area. If the instability observed in this study is accurately characterized and understood, it could be potentially exploited in promoting mixing in small-scale flows.
